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A B S T R A C T

The robustness of dynamical systems against external perturbations is crucial in engineering;
however, it is often overlooked for the lack of methods for rapidly computing it. This paper
proposes a novel algorithm for estimating the robustness of systems subject to time delay.
More precisely, the algorithm iteratively estimates the so-called local integrity measure (LIM),
that is, the radius of the largest hypersphere centered at the fixed point and located within
its basin of attraction. Since time-delayed systems are infinite dimensional, initial conditions
are restricted to a constrained type of initial functions. The semi-discretization method is
used for rapidly simulating the dynamics of the systems, while trajectories are classified as
converging or diverging using a subdivision of the reduced phase space into cells. The algorithm
was tested on four different mechanical systems, and in all cases it very quickly provided
an accurate estimation of the LIM. Moreover, it enabled the study of LIM trends in a multi-
dimensional parameter space, which would have been unfeasible with alternative methods. This
breakthrough in computational efficiency has important implications for engineering design,
allowing for careful consideration of dynamical integrity and enhancing the safety and reliability
of engineered systems, especially in the presence of time delays.

. Introduction

In engineering practice, dynamical systems are often analyzed through linearization, which has several benefits. Linear systems
ave only one equilibrium, and their dynamics can be investigated with straightforward methods. Nowadays, as industries develop
ncreasingly complex and sensitive products, understanding a system’s nonlinear behavior is becoming more and more important.
or example, to reduce weight and energetic costs, modern structures are often slender, which amplifies nonlinear effects.

Nonlinear dynamical systems, unlike linear ones, may have several equilibria and/or limit cycles, multiple of which can be stable
imultaneously. Bistability is common in many systems and each stable equilibrium has its own basin of attraction (BoA). Large
erturbations can cause the system to transition from the desired equilibrium to an undesired one, leading to failures and accidents,
uch as shimmy in vehicle wheels [1–3], flutter in airplane wings [4–6], turbulent flows [7,8], traffic jams [9,10], robot control [11–
3], machining operations [14–16], electric blank-outs [17,18], human balance [19,20] and predator–prey ecosystems [21,22] to
ention a few.
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Several methods exist in the literature for investigating the robustness of a desired equilibrium. The most commonly implemented
ethod consists of performing numerical simulations from a grid of initial conditions, which enables the detection of the basin of

ttraction. However, this method is intrinsically inefficient and computationally expensive. It is used only to obtain two-dimensional
ections of the basin and it is prohibitive for high-dimensional systems [23]. Probabilistic approaches mainly based on Monte Carlo
imulations are more efficient [24–26], but their outcomes are not compatible with integrity measures [27]. Analytical methods are
sually based on Lyapunov functions, with the help of which a subset of the basin of attraction can be determined [28–30]. However,
enerating an appropriate Lyapunov function can be challenging and is nearly impossible for systems with many degrees-of-freedom
DoF).

Cell mapping, introduced by Hsu, is a highly effective method for estimating the basin of attraction [31]. This method discretizes
he phase space into cells and calculates short trajectories from each cell to determine the flow’s tendency. Cell mapping is
uitable for parallel computation and is efficient for relatively large systems with many degrees of freedom. Seeing its potential,
he researchers developed the algorithm further in the past years [32–34]. However, this method requires to store information
orresponding to each cell, which yields memory issues in case of large systems.

A different approach is proposed in [35], which directly looks for the dynamical integrity without computing the BoA.
pecifically, it estimates the local integrity measure (LIM) of nonlinear dynamical systems, which is the radius of the largest
ypersphere entirely within the BoA and centered at the desired stable fixed point. This paper aims to generalize this algorithm to
stimate the LIM in systems subject to time delay.

Time delay is present in every controlled dynamical system, regardless of whether it is human or robot controlled since the data
rocessing and actuation requires time [36–38]; moreover, delay also arises when a system has some kind of memory effect [39–41].
elay differential equations (DDEs) describe the dynamics of systems subject to time delay, such as the above mentioned traffic jams,
heel shimmy, and machine tool vibrations [1,9,42–44]. Investigating DDEs is challenging because they have an infinite-dimensional
hase space requiring a function of time as initial condition [45,46]. Therefore, the definition of the basin of attraction of a fixed
oint should be reconsidered as well.

Because of the above mentioned difficulties, the BoA of time delayed systems are very rarely computed. Analytical methods are
sually based on Lyapunov–Krasovskii functionals but their calculation is complicated even for medium size systems [30]. Another
ption is to restrict the initial condition to a specific type, as constant, linear, jump or free vibration initial functions [47,48].
urthermore, there are also studies in the literature about how to obtain BoA from human balance experiments, when the relevant
uman reaction time is also considered [19,20].

This paper suggests a novel algorithm for the fast and accurate estimation of the LIM in time delayed systems. Semi-discretization
s applied for the time-integration of trajectories corresponding to different initial conditions; the estimated value of the LIM is
teratively reduced if a diverging trajectory is found within the currently assumed hypersphere of convergence. To speed up the
lgorithm, it is continuously monitored whether a new trajectory is converging to a previously categorized one.

The paper is organized as follows: Section 2 defines the basin of attraction for time-delayed systems and introduces the
orresponding LIM and a distance definition to compare states with different units. Section 3 describes the proposed algorithm,
ollowed by four case studies in Section 4, which show the algorithm’s potential to provide fast and accurate estimations of the
ystems’ dynamical integrity, which is useful from an engineering standpoint. Finally, Section 5 discusses the advantages and
imitations of the proposed algorithm, and provides concluding remarks.

. Definitions

.1. Basin of attraction

The BoA is defined as the set of initial conditions that converge to a particular equilibrium point or to a limit cycle in a dynamical
ystem. In the case of delay differential equations (DDEs), the phase space is infinite-dimensional [46], which makes it difficult
o identify the BoA for arbitrary initial functions. Therefore, the BoA is usually defined for specific sublevelsets in the space of
nitial functions [26,30,49], such as constant or linear initial functions, or for initial conditions where the system performs free
ibrations [47,48]; in the current study, primarily the latter one is applied, as discussed later.

Here, we define the BoA based on the headpoint of the constrained initial condition. A point in phase space belongs to the BoA
f it is the headpoint of an initial condition that yields a converging solution. Note that, since the BoA is constructed based on the
nitial condition headpoints (ICHs), there may be diverging trajectories the ICH of which is outside of the BoA, while the trajectory
tself enters and then leaves the BoA permanently.

.2. Local integrity measure

The BoA can be an intricate subspace, sometimes with intermingled or fractal-like boundaries [50]. The computation of the BoA
s very expensive, while from an engineering point of view, the intermingled and fractal areas should be avoided since in those
omains small perturbations are enough to leave the BoA. Dynamical integrity measures were introduced to overcome these issues.

Different types of dynamical integrity measures have been proposed in the literature, such as, the global integrity measure, the
mpulsive integrity measure, the stochastic integrity measure, the integrity factor or the actual global integrity measure [51–53].
lthough they are diverse, they all aim at quantifying the dynamical integrity of the system, and they exhibit similar trends for
2

arying system parameters [27]. To assess the system’s robustness against perturbations in initial conditions, we use the LIM [50],



Journal of Sound and Vibration 571 (2024) 118045B. Szaksz et al.
Fig. 1. Basins of attraction of the two stable fixed points of the delayed Duffing equation 𝑥̈(𝑡) + 0.2𝑥̇(𝑡) − 𝑥(𝑡 − 0.1) + 𝑥3(𝑡) = 0. Green and red dots refer to the
desired and to the undesired fixed points, respectively, while the dashed green curve is the hypersphere of convergence the radius of which is the LIM.

which is defined as the radius of the largest hypersphere centered at the fixed point that lies entirely within the BoA as it was
mentioned in the introduction. It is a conservative, simple measure, that is easy to estimate in an iterative manner.

Fig. 1 shows the basins of attraction of the two stable equilibria of the delayed Duffing equation: 𝑥̈(𝑡)+0.2𝑥̇(𝑡)−𝑥(𝑡−0.1)+𝑥3(𝑡) = 0.
Considering the equilibrium point (−1, 0) as the desired one, the green dashed circle denotes the hypersphere of convergence, the
radius of which is the LIM.

2.3. Distance metric

Usually, the coordinates of the phase space have diverse units, therefore, there is a need for a distance definition, where the
different directions are taken into account with predefined weights. These weights can be chosen based on the degree of sensitivity
of the system in different directions. For example, in an engineering problem, if the system is more sensitive to perturbations in
velocity rather than position, then larger weights can be assigned to velocity coordinates.

Following the suggestion of [35], we define the distance metric based on the mechanical energy of the undamped linear system
without control. This approach is advantageous as it takes into account the dynamics of the system and provides a physically relevant
measure.

Let us consider the 𝑛 DoF dynamical system in the form:

𝐌𝐱̈ + 𝐂𝐱̇ +𝐊𝐱 = 𝟎 , (1)

where 𝐌, 𝐂 and 𝐊 are the mass, damping and stiffness matrices, respectively, while 𝐱 is the state vector of the physical coordinates.
Neglecting the damping, the system can be rewritten in the space of the modal coordinates 𝑞𝑖 (𝑖 = 1, 2,… , 𝑛) as

𝑞𝑖 + 𝜔2
𝑖 𝑞𝑖 = 0, for 𝑖 = 1, 2,… , 𝑛 , (2)

where 𝜔𝑖 is the natural angular frequency of the 𝑖th mode and 𝑛 is the degree of freedom. The normalized mechanical energy stored
in the 𝑖th mode is 𝜔2

𝑖 𝑞
2
𝑖 + 𝑞̇2𝑖 ; based on which, let us introduce the definition of the distance as:

𝑑 =

√

√

√

√

𝑛
∑

𝑖=1
(𝜔2

𝑖 𝑞
2
𝑖 + 𝑞̇2𝑖 ) . (3)

Thus, the distance between two points A and B of the phase space takes the form

𝑑AB =

√

√

√

√

𝑛
∑

𝑖=1

(

𝛼𝑖(𝑞𝑖A − 𝑞𝑖B)2
)

+
𝑛
∑

𝑖=1

(

𝛼𝑛+𝑖(𝑞̇𝑖A − 𝑞̇𝑖B)2
)

(4)

with the weight vector 𝛼 that assumes the form

𝛼 = [𝜔2
1, 𝜔

2
2,… , 𝜔2

𝑛, 1,… , 1] . (5)

Of course, in many cases the modal decomposition cannot be carried out, such as for non-mechanical systems or for odd-
dimensional systems for example. In that case the simplest way is to set all the weights to one or tune them based on some
engineering intuition. We note that, in general, the choice of the distance weights has a minimal effect on the trend of the dynamical
integrity in the parameter space. Besides, the working principle of the algorithm for the LIM estimation is not affected by the weight
values.
3
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Fig. 2. Effect of sampling of the sinusoidal signal 𝑦(𝑡) for various values of the sampling delay number 𝑟. The panels in the first row present the time-varying
time delay 𝜌(𝑡), the panels in the middle show the original signal, while the panels in last row refer to the sampled signal with average time delay 𝜏.

3. Proposed algorithm

3.1. Overview of the algorithm

This paper proposes a novel algorithm for the fast and accurate estimation of the LIM in time delayed systems. After defining
the space boundary and some other parameters, the iteration can be started. The algorithm is based on a semi-discretization
scheme [54], which calculates the trajectories corresponding to a constrained initial condition. Each trajectory is categorized whether
it is converging to the desired fixed point or not. To speed up the algorithm, the method continuously checks whether a new
trajectory is converging to a previously categorized one. If a divergent trajectory is found, the estimated value of the LIM is reduced
accordingly, and the area of interest is reduced to the corresponding hypersphere of convergence. Three options are suggested for
the selection of the headpoint of the next initial condition: random selection, bisection method, and that point of the last diverging
trajectory, which is closest to the desired fixed point; these methods can also be combined.

3.2. Modal decomposition

The first step of the algorithm is to perform a modal decomposition of the dynamical system; this step provides the natural
angular frequencies that determine the actual weight vector. The algorithm then transforms the nonlinear dynamics into the space
of the modal coordinates, which has the advantage that the free vibration initial conditions are easy to handle with mode shapes.
If the dimension of the system is odd or the system does not possess vibration modes, this step is skipped and the algorithm works
with user-defined weights in the space of the physical coordinates.

3.3. Semi-discretization

Time series of the system under study are obtained through the semi-discretization method [54]. The semi-discretization method
was originally introduced for linear DDEs, and the key idea is to consider the delayed terms to be piece-wise constant. In this way,
the DDE can be rewritten as a non-homogeneous ordinary differential equation (ODE) over the sampling time intervals, which can be
solved piece-wise with the help of Duhamel’s (variation of coefficients) formula. The approach can be implemented also to nonlinear
systems [54,55], as explained below.

Let us consider the first order nonlinear DDE

𝐲̇(𝑡) = 𝐀𝐲(𝑡) + 𝐁𝐲(𝑡 − 𝜏) + 𝐠(𝐲(𝑡), 𝐲(𝑡 − 𝜏)) , (6)

where 𝐲 is the state vector, 𝐀 and 𝐁 are the coefficient matrices of the non-delayed, and of the delayed states, respectively, while
the function 𝐠 contains the nonlinear terms. Let us assume a discretization with time step ℎ ≪ 𝜏, introduce the sampling instants
4
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𝑡
𝑡

Fig. 3. Different types of initial functions with the same headpoint 𝐱0: (a) constant, (b) linear, (c) jump, (d) free vibration initial function.

𝑖 = 𝑖ℎ, and approximate both the delayed terms and the nonlinear terms with a piece-wise constant function over the time interval
∈ [𝑡𝑖, 𝑡𝑖+1) leading to

𝐲̇(𝑡) = 𝐀𝐲(𝑡) + 𝐁𝐲(𝑡𝑖−𝑟) + 𝐠(𝐲(𝑡𝑖), 𝐲(𝑡𝑖−𝑟)) , (7)

where 𝑟 is a positive integer called sampling delay number.
The effect of the delayed terms appears first with a delay of 𝑟ℎ and does not change until the next sampling; this yields a

saw-tooth like time-varying delay:

𝜌(𝑡) = 𝑟ℎ + 𝑡 − 𝑡𝑖 , 𝑡 ∈ [𝑡𝑖, 𝑡𝑖+1) . (8)

The corresponding average delay is

𝜏 =
(

𝑟 + 1
2

)

ℎ . (9)

If 𝑟 → ∞ and ℎ → 0 such that Eq. (9) holds, the solution of the discretized DDE tends to the solution of (6) with 𝜏 = 𝜏 as it is
visualized in Fig. 2.

Solving (7) with an initial condition 𝑦𝑖 provides the initial condition for the next 𝑡 ∈ [𝑡𝑖+1, 𝑡𝑖+2) interval as

𝐲𝑖+1 = 𝐞𝐀ℎ𝐲𝑖 + ∫

ℎ

0
𝐞𝐀(ℎ−𝑠)d𝑠(𝐁𝐲𝑖−𝑟 + 𝐠(𝐲𝑖, 𝐲𝑖−𝑟)) . (10)

Thus, the dynamics of the original nonlinear delayed system (6) can be approximated with the discrete map

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐲𝑖+1
𝐲𝑖
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⎥
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⎥
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⎥
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⎢
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⎢
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⎣

𝐏 𝟎 … 𝟎 𝐐𝐁
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⋮ … ⋮
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⎥
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⎥

⎦

⎡

⎢

⎢
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⎢

⎢

⎢

⎣

𝐲𝑖
𝐲𝑖−1
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⎥

⎥

⎥
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⎥

⎥

⎦
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⎡

⎢

⎢
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⎢
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⎣
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𝟎
⋮

𝟎

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (11)

where

𝐏 = 𝐞𝐀ℎ, and 𝐐 = ∫

ℎ

0
𝐞𝐀(ℎ−𝑠)d𝑠 . (12)

Mathematical proof of the convergence of the discretized system to the original one is provided in [54,55]. The main advantage of
this formulation is that it is significantly faster than numerically integrating in time the original DDE to ensure the same level of
accuracy.

3.4. Initial conditions

The above described semi-discretization based mapping requires an initial condition for the 𝑡 ∈ [−𝜏, 0] interval, which is sampled
with the time step ℎ. Since the convergence of the solution depends on the entire initial function, and not only on its headpoint, a
constrained type of the initial function is considered to obtain a consistent BoA [47,48]. Each type of initial function corresponds to
a specific physical situation. For example, a dynamical system may lose stability because of an impulse-like perturbation, or if the
delayed control is turned on during the free vibration of the system. In this section, four types of initial conditions are discussed,
although, the algorithm can handle any kind of sampled initial function:

(a) The simplest type of initial function is to choose a constant initial condition in each coordinate (see Fig. 3(a)), which was
used in several studies [47,48]. Indeed, it is easy to implement and provides useful results, but it leads to a contradiction in
5

real physical systems since the position and the velocity cannot be a nonzero constant at the same time.
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Fig. 4. Trajectory characterization in two different types of dynamical systems. The cells corresponding to the sampled converging and diverging trajectories
(with respect to the desired fixed point) are colored green and yellow, respectively. Blue dots refer to a series of data points where the trajectory is found
convergent to itself or to a previously categorized trajectory.

(b) Another option is to apply a linear initial condition between the equilibrium point and a specified point 𝐱0 in the phase
space [48]; see Fig. 3(b). However, this leads again to a contradiction considering the physical relation between the positions
and the velocities.

(c) In case of impulse-like perturbations, the system is in equilibrium state after which the state of the system jumps to a certain
value that is referred to by 𝐱0 in Fig. 3(c) [47,48]. This provides physically relevant solutions, since this jump type of initial
function satisfies the original DDE yielding special type of integro-differential equations [56].

(d) During the case studies, we mainly use a free vibration based initial condition, when the undamped linear harmonic oscillation
is considered without control; see Fig. 3(d). First, a point 𝐱0 in the phase space is selected as the headpoint of the initial
function, then the corresponding history is calculated based on the free vibration of the system. Although the nonlinearity
and damping are neglected, the initial condition is still related to the dynamics of the system. We assume that the delayed
control turns on after 𝑡 = 0.

Despite the intrinsic differences of the discussed types of initial functions, we note that they do not qualitatively affect the results
provided by the algorithm, as it will be illustrated later.

3.5. Trajectory characterization

Before starting the iteration, the operator has to define the location of the desired fixed point and the space boundary (a
hyperrectangle), within which the LIM is looked for. Furthermore, cell subdivision is applied to the area of interest; for simplicity,
the same number of cells is used for each coordinate direction. At the sampling instants, not only the exact point of the phase space
is saved, but also the cell to which the point belongs. Therefore, the trajectory can be represented as a series of cells, which allows
for efficient characterization as it is explained below.

Fig. 4 shows typical trajectories in different types of dynamical systems. These trajectories can be classified into two main
categories with some subcategories:

(a) Converging to the desired solution

• The desired equilibrium is defined in the pre-processing step. The mapping stops and the corresponding trajectory is
characterized as convergent if the solution remains within the cell of the equilibrium for a time larger than 𝜏 (see
trajectories (1a) and (1b) of Fig. 4). Because of the exponential nature of the solutions, as they get closer to the
fixed point, the settling slows down and they may oscillate for a long time around the equilibrium before entering
the corresponding cell. Therefore, in cases of small damping, it is useful to define not only the cell of the equilibrium
point as convergent, but also the neighboring cells.

(b) Non-converging to the desired fixed point

• Diverging out of the space boundary. If the trajectory crosses the predefined space boundary, then it is categorized as
divergent; see trajectory (2) of Fig. 4(a). We remark that leaving the predefined space boundary does not imply that
a trajectory will not reenter and converge to the desired solution. However, the space boundary is assumed to be a
practically meaningful boundary that should not be crossed to preserve the system’s safety. Accordingly, if a trajectory
leaves the space boundary even briefly, it is directly classified as divergent.
6
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• Converging to a new, previously unknown fixed point. Nonlinear systems may have multiple coexisting equilibrium points.
If the trajectory spends time more than 𝜏 within a cell, then that cell is classified as a cell containing a new fixed point,
and the trajectory is categorized as divergent; see trajectory (3) of Fig. 4(a). If it occurs that the trajectory crosses a
cell very slowly, dwelling there for a time longer than 𝜏 before leaving it, a non-existing (‘ghost’) fixed point might
erroneously be identified. In order to avoid this issue, the trajectory may be required to spend time more than 𝑡 > 𝜏
within the same cell after which the cell is considered to contain a new fixed point.

• Converging to a periodic solution. If the trajectory converges to a periodic solution, it is still categorized as divergent. Since
the latest subsequent cells with length 𝜏 describe the actual state of the solution, the algorithm continuously monitors
whether this sequence of cells are found in the earlier part of the discrete trajectory. If so, then the time-integration is
interrupted and the trajectory is categorized as a periodic solution. For example, in Fig. 4(b), trajectory (4) converges
to a periodic orbit, which is detected when a sequence of five cells is repeated within the same trajectory (denoted by
blue dots).
In the case of small damping, trajectories slowly spiraling towards an equilibrium point might be classified erroneously
as periodic solutions (a problem typically encountered with the cell mapping method as well [57]). To avoid this event,
the number of times a series of cells must be repeated in a trajectory to classify it as periodic should be increased.

Suppose that a given number of subsequent trajectory points equal or larger than 𝑟 passes through the same cells of a previously
classified trajectory. In that case, the current simulation is interrupted, and the new trajectory is classified as the one reached (see
trajectory (5) of Fig. 4(b)). Indeed, this event is rather common, as trajectories tend to approach an invariant manifold after an
initial transient [58,59]. Accordingly, this strategy enables the significant reduction of computational time.

Furthermore, there are some cases when the solution cannot be categorized for a long time. To avoid too long simulations, the
semi-discretization map is stopped when the time reaches a predefined value. In this case, either a human operator should categorize
the trajectory based on a phase space representation, or the trajectory is classified as diverging, which has the engineering relevance
that both the diverging and the slowly converging solutions are undesired.

To obtain an accurate enough solution, the sampling of the semi-discretization method should be relatively fine (30 < 𝑟 < 100)
depending on the actual problem. However, storing all these data points could require large memory. To avoid this issue, it is
convenient to store less point for the deep history recording (about 10 points are usually sufficient) and use only those points for
trajectory classification.

3.6. Initial condition for next simulation

As it was defined in Section 3.1, the selection of proper ICHs has an essential effect on the efficiency of the algorithm.
Three methods are suggested for the selection of the ICH of the subsequent simulations:

• Select a random point within the previously estimated hypersphere of convergence. This is useful to detect new divergent
areas and to reduce the hypersphere accordingly.

• Apply the bisection method between a divergent ICH and the desired fixed point. This leads to a trajectory starting near the
boundary of the BoA, which is very informative.

• Choose the next ICH where the last diverging trajectory is closest to the desired fixed point.

These three methods can be combined; in particular, the first few ICHs are randomly chosen until a diverging trajectory is found.
Then, it is worth to start a bisection method, which can effectively reduce the estimated hypersphere of convergence. However,
the bisection method tends to focus on a specific region, so to study more uniformly the phase space, some randomness must be
introduced later. The solutions corresponding to ICHs within the BoA are converging and do not reduce the estimated LIM; therefore,
the probability function for random choice of ICH should have larger probability in the vicinity of the boundary of the estimated
hypersphere of convergence, where trajectories are more likely to diverge.

Finally, selecting the ICH at a point of a divergent trajectory which is closest to the desired fixed point, may also be useful.
Since, the new time integration starts from a constrained type of initial function, while the corresponding part of the previous
trajectory was calculated for the whole nonlinear time-delayed system, the new trajectory will differ from the previous one. Since
it is diverging with a large probability, it is a good candidate to reduce the estimated LIM.

Fig. 5(a) shows an example of the above strategy, while the iteration towards the corresponding estimated LIM is visualized in
panel (b). The blue dot refers to the desired fixed point, while the red dashed curve is an unstable limit cycle, which characterizes
the BoA. The first randomly selected headpoint yields a diverging trajectory, after which a bisection method of length four
starts (headpoints (2)–(5)). The ICH of the last diverging trajectory determines the 5th estimation of the LIM; the corresponding
hypersphere of convergence is visualized as gray dashed circle. After that, the randomly selected headpoints (6) and (7) correspond
to converging trajectories, thus they do not reduce the estimated LIM. In contrary, (8) does; thus, another bisection method should
be started between that point and the desired fixed point.

4. Case studies

In this section, four case studies are presented. First, a Duffing oscillator is considered with delayed linear term and cubic
nonlinearity, the basin of attraction of which was presented in Fig. 1. Then, the dynamics of a 1 DoF turning operation is investigated,
which is later expanded with a nonlinear tuned vibration absorber yielding a 2 DoF system. Finally, the algorithm is applied to the
7
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Fig. 5. Illustrative example of the algorithm operation. In panel (a), the blue dot represents the desired fixed point, which is encircled by an unstable periodic
orbit represented by the red dashed curve. The red crosses and green circles correspond to the ICH of diverging and converging trajectories respectively, while
gray dashed circle represents the estimated hypersphere of convergence after 5 steps. Panel (b) presents the evolution of the estimated value of the LIM during
the iteration.

Fig. 6. Simulation result in case of the delayed Duffing oscillator (𝑎 = 1, 𝜁 = 0.05, 𝜏 = 0.1). In panel (a) blue dots, red dots and black dots refer to trajectories
converging to the desired fixed point, converging to the undesired fixed point and diverging out of the space boundary, respectively.

4.1. Delayed Duffing oscillator

The dimensionless governing equation of the chosen unforced delayed Duffing oscillator is

𝑥̈(𝑡) + 2𝜁𝑥̇(𝑡) − 𝑥(𝑡 − 𝜏) + 𝑎𝑥3(𝑡) = 0 , (13)

where 𝜁 is the damping ratio, 𝑎 is the nonlinear term coefficient and 𝜏 denotes the time delay appearing in the linear term; the LIM
of the undelayed system was analyzed in [35].

The three equilibria of the system are located at 𝐱1 = (𝑥1, 𝑥̇1) = (−1∕
√

𝑎, 0), 𝐱2 = (𝑥2, 𝑥̇2) = (0, 0) and at 𝐱3 = (𝑥3, 𝑥̇3) = (1∕
√

𝑎, 0),
from which 𝐱2 is unstable while the other two are stable. We consider that 𝐱1 is the desired fixed point, while the other stable fixed
point 𝐱3 is an undesired one.

In the preprocessing stage, the location of the desired equilibrium is provided to the algorithm, while the other stable equilibrium
is purposely not provided, to test the algorithm’s ability to identify it. The space boundary is set to −4 and 4 for both the
dimensionless position and velocity coordinates. The number of iterations (corresponding to the number of time series simulated)
for given parameters is set to 30, while the maximal length of each simulation is 1000 time units. Next, the spatial and temporal
discretization parameters are specified. The number of equally distributed cells in each direction is 𝑛disc = 501, while the sampling
delay number within the semi-discretization method is 𝑟 = 30.

Since the linear undamped, undelayed system is a simple 1 DoF oscillator, the original coordinates are already modal coordinates.
The mapping matrix of the semi-discretization is calculated according to Eqs. (11) and (12) using the system parameters 𝑎 = 1,
𝜁 = 0.05 and 𝜏 = 0.1. The initial condition is chosen to be a free undamped vibration, after which the iteration starts.

Fig. 6 shows the result of the iteration. In the left panel, the trajectories are presented in the phase space of the coordinates: black
dots belong to a trajectory that diverges out of the prescribed space boundary; the series of blue dots are convergent trajectories;
while red color belongs to trajectories which converge to the undesired fixed point 𝐱 ; black crosses indicate the initial functions’
8
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Fig. 7. (a) the estimated value of the LIM during an iteration, (b) the estimated LIM varying the spatial discretization number 𝑛, (c) the required time for a
computation for various values of 𝑛, (d) the estimated LIM varying the sampling delay number 𝑟, (𝑛 = 501). Each plot is based on 100 independent simulations,
the black lines refer to the average, while the gray areas indicate the standard deviation of the results.

headpoints. Note that close to the equilibria, the series of points that represent the discretized trajectory are so dense that they
appear like solid lines. The algorithm also identifies the undesired fixed point, which is indicated by a green dot, while the green
dashed ellipse corresponds to the safe region (the hypersphere of convergence) according to the LIM.

The first initial condition belongs to the diverging black trajectory; the corresponding ICH and the desired equilibrium (−1, 0)
serve as a basis for the upcoming bisection method that is applied in 5 steps to obtain a reasonable resolution. Note that in case of
the Duffing oscillator, the BoAs of the two stable equilibria are layered alternately as one moves away from the origin (see Fig. 1).
As a consequence, the bisection method might find the inner boundary of the BoA just for a very special selection of the ICH. Still,
a diverging trajectory initiated in the vicinity of the outer BoA boundary remains close to the boundary for a long time. Starting
the subsequent simulation from the point of this diverging trajectory, which is located closest to the desired equilibrium, further
improves the estimation of the LIM. The bisection method can be applied again based on that point and the desired equilibrium,
and the procedure can be repeated till we cannot find a point on a divergent trajectory, which is closer than the previous ones. This
way, one point of the hypersphere of convergence can satisfactorily be approximated. Further randomly selected ICHs in the close
neighborhood of the hypersphere help to check the validity of the above estimation.

Panel (b) of Fig. 6 presents the corresponding estimated values of the LIM during the iteration. It can be observed that the
first five steps also reduce the estimated LIM, but the 6th one, which corresponds to the closest point initial condition, reduces the
estimated LIM significantly. Subsequent iterations provide only slight reductions of the estimated LIM.

Panel (a) of Fig. 7 presents the mean and the standard deviation of the estimated LIM during the iteration calculated from
100 independent simulations. One can observe that the iteration converges rapidly, within 10 steps. Panels (b) and (c) show the
estimated LIM and the computational time as the spatial discretization number 𝑛 is increased on the grid. Small values of 𝑛 yield
large standard deviations, while the simulation time increases approximately linearly with 𝑛. The optimal spatial discretization
corresponds to 𝑛 ≈ 200, where the algorithm provides the estimated LIM in approximately 1.2 s (processor of the used computer:
i7-10510U CPU, 2.30 GHz), which is even faster then the analogous algorithm proposed in [35] for non-delayed systems.

The change of the sampling delay number 𝑟 directly modifies the accuracy of the simulations; accordingly, it has an effect on the
LIM (see Fig. 7(d)). The analysis indicates that 𝑟 ≈ 20 yields already a good approximation for the value of the estimated LIM. The
convergence of the approximated dynamics to the real one for increasing 𝑟 was thoroughly investigated in [54,60]. Furthermore,
simulations, here omitted, show that the time required for the estimation of the LIM is increasing linearly with respect to 𝑟.

4.2. Turning

In the second and third case studies, a turning operation is considered without and with an attached nonlinear tuned vibration
absorber (NLTVA), the dynamics of which was investigated in detail in [61,62]. The mechanical model is presented in Fig. 8, the
cutting tool of mass 𝑚1 is modeled with a single degree of freedom spring–mass–damper system, while the attached NLTVA consists
of the mass 𝑚2, attached to the cutting tool through a nonlinear spring and a linear damper. Subscripts 1 and 2 refer to the parameters
of the cutting tool and to those of the NLTVA, respectively. The time-dependent depth of cut is denoted by ℎ(𝑡), which takes the
9
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Fig. 8. Simplified mechanical model of turning.

Fig. 9. Considering the single DoF model of turning (𝜁1 = 0.05, 𝜂2 = −0.5209, 𝜂3 = 0.6547), (a) comparison of the bifurcation diagram created with DDE-BIFTOOL
and the estimated LIM with free vibration initial condition (𝜏 = 9, and so 𝛺d = 0.6987), (b) comparison of the four types of initial conditions (𝛺d = 0.6987), (c)
stability chart colored according to the estimated value of the LIM.

value ℎ0 at the equilibrium (steady state cutting). The displacements of the lumped masses 𝑚1 and 𝑚2 are 𝑥1 and 𝑥2, respectively,
which are measured from the equilibrium position of the system without loss of generality.

First, we consider, the single DoF system without the NLTVA. We introduce the dimensionless time 𝑡 =
√

𝑘1∕𝑚1 𝑡, and the
dimensionless state variables 𝑥̃1 = 𝑥1∕ℎ0, and 𝑥̃2 = 𝑥2∕ℎ0. By dropping the tildes, the corresponding dimensionless equation of
motion takes the form

𝑥̈1(𝑡) + 2𝜁1𝑥̇1(𝑡) + 𝑥1(𝑡) = 𝑝((𝑥1(𝑡 − 𝜏) − 𝑥1(𝑡)) + 𝜂2(𝑥1(𝑡 − 𝜏) − 𝑥1(𝑡))2 + 𝜂3(𝑥1(𝑡 − 𝜏) − 𝑥1(𝑡))3) . (14)

Here, 𝜁1 = 𝑐1∕(2
√

𝑘1𝑚1) is the damping ratio and the right-hand side of the equation indicates the dimensionless cutting force,
which depends on the dimensionless chip width 𝑝, and on the experimentally determined coefficients 𝜂2 and 𝜂3 (see [61] for more
detail). Assuming that the tool does not leave the workpiece, that is, no fly-over effect occurs, the actual depth of cut is given as
the difference of the position of the cutting tool at the present time and one revolution earlier, which causes the appearance of the
delay 𝜏 in the equation. The corresponding dimensionless spindle speed is 𝛺d = 2𝜋∕𝜏.

The proposed algorithm was applied to estimate the LIM of the desired steady state cutting. First, the damping ratio and the
time delay are fixed to 𝜁1 = 0.05 and 𝜏 = 9 and the LIM is calculated for varying dimensionless chip width 𝑝. For these parameter
values, the system loses stability through a subcritical Andronov–Hopf bifurcation. Therefore, an unstable limit cycle exists around
the trivial stable solution [63]. Numerical simulations, here omitted, illustrate that trajectories not converging to the trivial solution
grow unboundedly. In a real case, after the cutting tool leaves the workpiece, they exhibit the fly-over effect, which is not described
by the simple mathematical model utilized. The same occurs also in the presence of the vibration absorber for the system discussed
in the following section.

In panel (a) of Fig. 9, the tendency of the estimated LIM is compared to the bifurcation diagram built with DDE-BIFTOOL [64].
Of course, the two curves correspond to different measures, thus, they are quantitatively different, but the algorithm accurately
reproduces the trend of the bifurcation diagram.

Panel (b) of Fig. 9 presents the estimated LIM values in case of diverse types of initial conditions. The estimated LIM values
are very different in the four cases, which suggests that users should be cautious while extrapolating practical indications from the
LIM value obtained. Conversely, the trend of the LIM value is similar. This trend provides indications regarding the safest working
conditions of the system, and it is a piece of information easily exploitable in practice. Accordingly, the choice of the type of initial
conditions does not seem to be critical from an engineering perspective.
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Fig. 10. Stability charts of the 2 DoF turning operation for various values of the absorber cubic stiffness parameter 𝛼3 with the estimated LIM indicated by the
color scheme for parameters 𝜁1 = 0.05, 𝜇 = 0.05, 𝛾 = 1.069, 𝜁2 = 0.1437, 𝜂2 = −0.5209, 𝜂3 = 0.6547.

In panel (c) of Fig. 9, the LIM was calculated sweeping both the dimensionless spindle speed 𝛺d and the dimensionless chip width
𝑝 for parameter values where the trivial solution is stable. The figure illustrates that the LIM takes smaller values on the left-hand
side of the lobe than on the right-hand side, which means that stationary cutting with parameters at the left side of the lobe is less
robust against external perturbations. This is a relevant information from engineering viewpoint, which would be computationally
demanding to obtain with alternative methods. The LIM value significantly increases for 𝛺𝑑 ≈ 1 and small 𝑝, this is probably related
to the relatively large distance from the stability boundary. Nevertheless, we remark that too large displacements imply that the
cutting tool leaves the workpiece, which is not modeled by the used equation of motion. Accordingly, the real LIM value probably
has an upper bound neglected by the present analysis.

4.3. Turning with NLTVA

In this section, the same turning operation is considered as before, but now the effect of the NLTVA is also taken into account
(see Fig. 9). Note that the enlargement of the system dimension from 2 to 4 can be a significant challenge [65]. The corresponding
dimensionless governing equations take the form:

𝑥̈1(𝑡) + 2𝜁1𝑥̇1(𝑡) + 𝑥1(𝑡) + 2𝜁2𝛾𝜇(𝑥̇1(𝑡) − 𝑥̇2(𝑡)) + 𝛾2𝜇(𝑥1(𝑡) − 𝑥2(𝑡)) + 𝛼3(𝑥1(𝑡) − 𝑥2(𝑡))3

= 𝑝((𝑥1(𝑡 − 𝜏) − 𝑥1(𝑡)) + 𝜂2(𝑥1(𝑡 − 𝜏) − 𝑥1(𝑡))2 + 𝜂3(𝑥1(𝑡 − 𝜏) − 𝑥1(𝑡))3) ,
(15)

𝜇𝑥̈2(𝑡) + 2𝜁2𝛾𝜇(𝑥̇2(𝑡) − 𝑥̇1(𝑡)) + 𝛾2𝜇(𝑥2(𝑡) − 𝑥1(𝑡)) + 𝛼3(𝑥2(𝑡) − 𝑥1(𝑡))3 = 0, (16)

where 𝛼3 is the absorber dimensionless cubic stiffness parameter, while the further dimensionless parameters

𝜁2 =
𝑐2

2
√

𝑘2𝑚2
, 𝜇 =

𝑚2
𝑚1

, and 𝛾 =
𝜔n,2

𝜔n,1
=

√

𝑘1𝑚2
𝑚1𝑘2

, (17)

are the damping ratio of the NLTVA, the mass ratio, and the frequency ratio, respectively. As before, the right-hand side of Eq. (15)
presents the dimensionless cutting force that contains also delayed terms.

The nonlinear spring of the NLTVA is described with a softening (hardening) characteristic as the value of the cubic stiffness
parameter 𝛼3 is negative (positive). After fixing the parameter values as indicated in the caption of Fig. 10, the corresponding
dynamics were analyzed with the proposed algorithm, and the LIM was calculated in the plane of the dimensionless spindle speed
𝛺d and chip width 𝑝 for various values of the absorber cubic stiffness parameter 𝛼3 (see Fig. 10). Panel (b) presents the case of a linear
absorber, which provides a robust system for most of the parameter combinations; however, in the vicinity of the stability boundary,
the dynamical integrity is still limited due to the subcritical nature of the Andronov–Hopf bifurcation occurring there. In [61], it
was proven that including a nonlinear term in the stiffness function, either softening or hardening, can change the character of
the bifurcation to a supercritical one in some parts of the stability boundary. Panels (a) and (c) of Fig. 10 illustrate the dynamical
integrity for a softening and hardening spring, respectively. We note that the overall dynamical integrity is reduced in both cases,
especially in the softening case, regardless of the bifurcations’ criticality [61]. This observation suggests that the vibration absorber
should be kept as linear as possible and that a local bifurcation analysis can be misleading concerning global dynamics.

In this four dimensional time delayed case, the algorithm can calculate the dynamical integrity corresponding to 100 points of
the parameter space within 4 min using a standard laptop without parallel computation (i7-10510U CPU, 2.30 GHz). This allows
the algorithm to be used for parametric analysis, while these results are practically infeasible to be produced with other methods.

In Fig. 10(c), one can observe a light blue area, that is, an area with smaller LIM, along the stability boundary at around 𝛺d = 0.9,
𝑝 = 0.5. In these points, the system has a very small linear damping, and if the ICH was close to the boundary of the hypersphere
of convergence, then the corresponding trajectories converged so slowly to the equilibrium, that they did not reach it within the
11
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Fig. 11. Panels (a,b) present the projection of the trajectories onto the phase space of the modal coordinates, while panel (c) shows the trajectories in the
plane of the square root of modal energies (𝛺d = 0.6, 𝑝 = 0.3, 𝜁1 = 0.05, 𝜇 = 0.05, 𝛾 = 1.069, 𝜁2 = 0.1437, 𝜂2 = −0.5209, 𝜂3 = 0.6547, 𝛼3 = 0). Blue dots: converging
trajectories, black dots: trajectories diverging out of the phase space boundary, green dashed curve: intersections of the hypersphere of convergence. .

Fig. 12. (a) Model of the inverted pendulum with NLTVA. (b) Comparison of the bifurcation diagram created with DDE-BIFTOOL and the estimated LIM (𝜇 = 0.1,
𝛾 = 2.3, 𝜁2 = 0.174, 𝑑 = 2.8, 𝜏 = 0.5).

predefined time interval. Thus, the algorithm categorized them as diverging trajectories, yielding erroneously smaller values of the
LIM than the correct ones obtained by extended simulations for longer periods.

Fig. 11 presents the estimation of the hypersphere of convergence for fixed parameters 𝛺d = 0.6, 𝑝 = 0.3, 𝛼3 = 0. In panels (a)
and (b), the trajectories and the estimated hypersphere of convergence are projected onto the phase space of the modal coordinates
and their derivatives 𝑞𝑖 and 𝑞̇𝑖 (𝑖 = 1, 2). This means that the four dimensional physical space is projected onto two dimensional
subspaces; still the hypersphere of convergence (green dashed curve) matches well with the boundary of the converging (blue) and
diverging (black) trajectories. Although we look for a hypersphere, it covers most of the basin of attraction, at least judging from
the distribution of blue and black points provided in the projected visualization.

Panel (c) presents the trajectories and the hypersphere of convergence projected onto the plane of the modal energies 𝜌𝑖 =
√

𝜔2
𝑖 𝑞

2
𝑖 + 𝑞̇2𝑖 (𝑖 = 1, 2). As it can be observed, the boundary of the basin of attraction occurs for similar energy levels in the two

modes. Note that the distance definition in Eq. (3) can be reformulated as 𝑑 =
√

𝜌21 + 𝜌22. Thus, since the LIM is introduced as the
radius of the hypersphere of convergence, its value is approximately 1, which matches with the coloring of the corresponding point
in Fig. 10(b).

4.4. Inverted pendulum with NLTVA

The fourth case study is the analysis of the dynamics of a controlled inverted pendulum with an attached NLTVA in the
gravitational field. The mechanical model is presented in the left panel of Fig. 12. The positions of the pendulum and the NLTVA are
12
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Fig. 13. Panels (a,b) present the projection of the trajectories onto the phase space of the inverted pendulum, while panel (c) shows the trajectories in the
plane of the square root of modal energies (𝜇 = 0.1, 𝛾 = 2.3, 𝜁2 = 0.174, 𝑑 = 2.8, 𝑝 = 1.4, 𝜏 = 0.5; 𝛼 = [1, 1, 1, 1]). Blue dots: converging trajectories, red dots:
non-converging trajectories, orange curve: projection of the stable limit cycle, green dashed curve: intersection of the hypersphere of convergence.

described by the angles 𝜑1 and 𝜑2, respectively. A delayed proportional–derivative control torque 𝑀(𝑡) = 𝑃𝜑1(𝑡 − 𝜏) +𝐷𝜑̇1(𝑡 − 𝜏) is
applied to the pendulum to keep it at the upright position. The corresponding dimensionless governing equations assume the form

𝜑̈1 − sin(𝜑1) + 2𝜁2𝜇𝛾(𝜑̇1 − 𝜑̇2) + 𝜇𝛾2(𝜑1 − 𝜑2) = −𝑝𝜑1(𝑡 − 𝜏) − 𝑑𝜑̇1(𝑡 − 𝜏), (18)

𝜇(𝜑̈2 + 2𝜁2𝛾(𝜑̇2 − 𝜑̇1) + 𝛾2(𝜑2 − 𝜑1)) = 0, (19)

where 𝜁2 is the relative damping of the NLTVA, 𝜇 is the ratio between the mass moment of inertia of the NLTVA and that of the
inverted pendulum, 𝛾 denotes the natural frequency ratio, while 𝑝 and 𝑑 are the dimensionless proportional and differential gains.

The corresponding nonlinear dynamics was analyzed in [66] in detail proving that the Andronov–Hopf bifurcation at the stability
boundary is always subcritical. In Fig. 12, the result of the proposed algorithm (red curve) is compared to the bifurcation diagram
created with DDE-BIFTOOL (blue curve) [64]. Choosing the dimensionless proportional gain as the bifurcation parameter and fixing
other parameters at 𝜇 = 0.1, 𝛾 = 2.3, 𝜁2 = 0.174, 𝑑 = 2.8, and 𝜏 = 0.5, the linear system is stable for 𝑝 < 2.695. The branch of periodic
solutions bends above the linearly stable region, in accordance with the subcriticality of the bifurcation, yielding an unstable limit
cycle around the stable trivial fixed point. Later, the branch of the limit cycle has a fold point at 𝑝 = 1.257, where the curve bends
back to the right and the related periodic solutions become stable. This implies the existence of a stable limit cycle coexisting with
an unstable one and the stable equilibrium.

The first step of the algorithm is to carry out a modal decomposition of the undamped uncontrolled system but in this case, the
upright position of the uncontrolled inverted pendulum is unstable, which would lead to complex natural frequencies. Our choice
to solve this problem is to keep the proportional control term without time delay, and calculate the modal coordinates 𝑞𝑖 (𝑖 = 1, 2)
based on that. However, if a parameter analysis is carried out with respect to the proportional control gain 𝑝, then the distance
definition in Eq. (4) should not be calculated with the energy based method proposed in (3) since the natural angular frequencies
depend on the varying bifurcation parameter. Accordingly, for this case, the vector of weights (see Eq. (5)) was simply chosen to
be 𝛼 = [1, 1, 1, 1].

As it can be observed in Fig. 12, the shape of the LIM curve matches well with the bifurcation diagram. Moreover, it accurately
predicts the fold point, below which the trivial fixed point is globally stable, that is, the LIM is theoretically infinite, while in practice,
it is limited by the predefined spatial boundary of the algorithm.

Fig. 13 presents the trajectories obtained by the algorithm projected onto the two dimensional subspaces of the system dynamics
using the weight vector 𝛼 = [1, 1, 1, 1]. Here, 𝑞𝑖 and 𝑞̇𝑖 (𝑖 = 1, 2) are the modal coordinates and their derivatives, while the variables
𝜌𝑖 =

√

𝛼2𝑖 𝑞
2
𝑖 + 𝛼(2+𝑖)𝑞̇2𝑖 (𝑖 = 1, 2) are again related to the energy of the corresponding mode as it was described in the previous case

study (Section 4.3). Blue and red dots denote the convergent and divergent trajectories, respectively, while the intersection of the
hypersphere of convergence is marked by the green dashed curve. Furthermore, the algorithm found the stable limit cycle of the
system, which is represented by the orange curve.

Here, the hypersphere of convergence does not seem to cover most of the compact part of the equilibrium’s BoA because the
weights are not chosen according to the modes. Still, it should be remembered that the figure presents a projection from the four
dimensional physical space to a two dimensional subspace.

Finally, we note that the good qualitative match between the bifurcation diagram and the LIM trend in Fig. 12 suggests that the
choice of the weights does not affect the trend of the LIM in the parameter space in general. However, the weights do affect the
shape of the hypersphere of convergence and so the absolute value of the LIM. Furthermore, selecting them based on the natural
angular frequencies, the intersection of the hypersphere of convergence typically fits the projected trajectories much better, as it
was illustrated in Fig. 11.
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5. Discussion and conclusions

The case studies show the capabilities of the proposed algorithm, which gives a rapid and accurate estimation of the dynamical
ntegrity of a stable fixed point. Moreover, the algorithm enables to compute the LIM so fast that it can be used for analyzing
he variation of the dynamical integrity in the parameter space. Other methods are far more expensive and require the use of
upercomputers.

The developed algorithm is based on the following concepts:

• The LIM is a quantitative measure that characterizes the robustness of the examined fixed point. By definition, the corre-
sponding hypersphere of convergence does not include fractal-like domains and it gives a conservative measure of the safe
region.

• The semi-discretization provides a fast and accurate scheme for determining the trajectories of nonlinear delayed dynamical
systems.

The main advantages of the algorithm are as follows:

• The algorithm is generalized for applications in time delayed systems.
• The estimated value of the LIM significantly reduces in the first few steps, enabling the algorithm to converge rapidly to a

reasonable estimate of the LIM.
• The algorithm detects whether a trajectory converges to an already categorized one, reducing the length of new simulations

with the number of iterations.
• There are no memory issues, as it is not required to investigate all the cells of the phase space, not even all the cells within

the hypersphere of convergence. Conversely, the cell mapping method has significant memory issues.

Despite these advantages, the proposed algorithm has some limitations:

• Although, the algorithm can handle any kind of discretized initial functions, the estimated LIM is restricted to a fixed type of
initial function. The case studies show that the type of initial function changes the absolute value of LIM, but its trend in the
parameter space is qualitatively unaffected.

• The estimated LIM is reduced if a diverging trajectory is found within the estimated hypersphere of convergence, meaning
that the algorithm gives an upper estimate of the LIM. Thus, it gives a non-conservative estimate of the conservative measure
of the safe robust region. This might lead to overlooking, for example, a single thin tongue eroding a basin of attraction [65].
This risk can be mitigated by increasing the number of iteration for estimating the LIM value, which, however, increases
computational time. Nevertheless, a parametric analysis of the LIM value reduces the probability that important phenomena
of basin erosion are completely missed.

• Large dimensional phase spaces are filled relatively slowly, as trajectories are single dimensional objects, regardless of the phase
space dimension. Therefore, undesired stable solutions within the hypersphere of convergence may become undetected, unless
the number of iterations is significantly increased for large dimensional systems. This limitation can be mitigated resorting to
model reduction techniques [67–69].

Four case studies were presented in which the advantages and limitations of the proposed algorithm are discussed. For each
echanical system, the algorithm provided a fast and accurate estimation of LIM. In case of parametric analysis, the results showed

ood agreement in the qualitative trends with the bifurcation diagrams. The relative rapidity of the algorithm enables researchers
nd engineers to use it for parametric analysis on a sufficiently large scale, making it applicable also for design.

In the future, the algorithm is planned to go through further developments. Currently, if the algorithm is used for parametric
nalysis, then the LIM is determined separately for each value of the varying system parameter. However, in most cases, the variation
f the LIM is smooth, or at least piece-wise continuous. Thus, the previous estimation of the LIM could be used as an initial guess
or the next iteration, which speeds up the algorithm.

The proposed algorithm currently investigates the dynamical integrity of stable fixed points. However, we plan to extend it to
ther types of steady-state solutions, such as periodic and quasi-periodic solutions of autonomous and non-autonomous systems.
lthough the main structure of the algorithm will still work for those kinds of steady-state solutions, a redefinition of the LIM will
e required.
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